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For a given commutative association scheme 2", by fusing all the non-self-paired 
relations pairwise with their symmetric ounterparts, we can obtain a new symmet- 
ric association scheme Y .  In this paper, we investigate when a symmetric associa- 
tion scheme ~" of class 2 admits a symmetrizable commutative fission scheme 2" 
of class 3. By studying the feasible parameter sets obtained from the aeceptihle 
fission character tables of given symmetric schemes, we discover that there are 
infinitely many symmetric association schemes of class 2, each of which admits one 
or two symmetrizable commutative fission schemes of class 3. We then characterize 
and classify some such symmetric schemes and their symmetrizable commutative 
fission schemes. Also we prove that none of the Hamming schemes H(2, q) with 
q >_ 3, and none of the Johnson schemes J(v, 2) with v > 5 and v ~ 7(rood 8) have 
such commutative fission schemes of class 3. H(2, 2) has a symmetrizable commu- 
tative fission scheme which is isomorphic to the group scheme 2~(Z4), and J(4, 2) 
has one such fission scheme coming from the action of the alternating roup g4 on 
the set of two-element subsets from a four-element set. © 1995 Academic Press, Inc. 
1. INTRODUCTION 
Let ~ = (X,  {Ri} 0 _< i _< a) be a (non-symmetric) commutative association 
scheme of class d. By defining a new set of relations {~i} on X × X by 
1}i = Ri U R'i, we have a symmetric association scheme ~-~ = (X, {1}/}). We 
call the fusion scheme ~ a symmetrization of S .  In this case, we call 2 ~ a 
symmetrizable commutative fission scheme of ~-~. 
A commutative association scheme is essentially a partition of a com- 
plete digraph into regular subdigraphs which interrelate in a specific way. 
In particular, any symmetric association scheme ~ = (X,{1}i}o<i<_2) of
class 2 is described as a pair of strongly regular graphs FI(X, 1} 1) and 
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[2(X, R2) with parameters (n, k I, -1 -2 -2 -1 P 1, P l l )  and (n, k2, P 2, P22), respec- 
tively, where F 1 u F 2 = Kn, the complete graph on n = [X[ vertices. In 
this sense, if a symmetric association scheme of class 2 has a symmetri- 
zable fission scheme of class 3, then precisely one of the strongly regular 
graphs F1, F 2 is decomposed into two regular subdigraphs in a certain 
way. 
In this paper, we study the following two problems: (i) we characterize 
all symmetric association schemes of class two that are realized as sym- 
metrizations of certain commutative schemes of class three; (ii) we classify 
the symmetrizable commutative fission schemes of class three for a given 
symmetric association scheme if there are any (cf. [2, p. 58]). 
Suppose a symmetric association scheme of class 2 has a commutative 
fission scheme of class 3. Then by applying the result obtained in [3], we 
can compute the character table of the fission scheme from that of the 
symmetric scheme. Therefore, we can calculate all the structure constants 
of the fission scheme. The following results are proved by investigating the 
feasibility of the parameter sets and by constructing the schemes based on 
feasible parameter sets. 
(i) For every q > 3, the Hamming scheme H(2, q) is not a sym- 
metrization of any commutative schemes of class 3. However, H(2, 2) is 
recognized as the symmetrization f the group scheme Y(Z  4) of the cyclic 
group of order four. 
(ii) For every v > 4, the Johnson scheme J (v ,  2) is not a symmetriza- 
tion of any commutative schemes of class 3 if v ~ 7 (mod 8). However, 
J(4, 2) is recognized as the symmetrization of the scheme ~(d4 ,  (v)), 
obtained from the action of the alternating roup d 4 on the two-element 
subsets of a four-element set V. 
(iii) There are infinitely many symmetric association schemes of class 
2 arising from strongly regular graphs with parameters (n, k, 2k - n, k), 
each of which admits one or two symmetrizable commutative fission 
schemes of class 3. 
The paper is organized as follows: In Section 2, we review the terminol- 
ogy and notations of association schemes, and, in Section 3, we recall some 
basic facts about fusion and fission of a scheme. In Section 4, we discuss 
the non-existence of the symmetrizable fission schemes for Hamming and 
Johnson schemes. In Section 5, we give a list of infinite classes of complete 
multipartite strongly regular graphs which have symmetrizable fission 
schemes of class 3. Then in Section 6 we discuss a possible classification of 
such strongly regular graphs by parameters up to n = 24. In Section 7, we 
will make some remarks. 
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2. COMMUTATIVE  ASSOCIAT ION SCHEMES 
In this section, we will recall the basic facts about association schemes 
(cf. [2], [51, [6]). 
(2.1) Let X be a finite set. A commutative association scheme (scheme, 
for short) with d classes is a pair 2" = (X,  {R~} 0_< ~ z d) such that 
(i) {R 0, R I , . . . ,  R e } is a partit ion of X × X; 
(ii) R 0 = {(x, x)Jx ~ X}; 
(iii) R' i = R i, for some i' ~ {0, 1, 2 , . . . ,  d}, where 
R'i := { (x ,  Y)I (y ,  x)  ~ Ri}, 
(iv) For any triple h, i, j, there is a constant p(~. such that, for any tJ 
(X, y) ~ Rh, 
]{z ~ X[ (x , z )  ~ Ri,  ( z ,  y~ ~ Rj}] = p(~',j, 
(v) p~ = p)h i for all h, i, j ~ {0, 1, 2 , . . . ,  d}. 
The constants p(~ are called the intersection umbers of Y .  The number  tl 
ks :=p.0.,, of z ~ X with (x, z)  ~ R i is called the valency of R i. I f  we 
replace the axiom (v) by (v)' R' i = R i for all i, then 2 ,  is called a 
symmetric association scheme. A symmetric scheme is necessarily commu- 
tative but not vice versa. 
(2.2) For a given scheme 2 ,= (X,{Ri}o<i_< a) with [Xt = n, the 
relations R0, R 1 . . . .  , R d are described by their {0, 1}-adjacency matrices 
A0, A I , . . . ,  A d defined by 
1 if (x,y) ~R i 
(A i )xy  = 0 otherwise. 
The axioms (i)-(v)' are now expressed as (i) Z~i=oAi = J, (ii) A 0 = I, 
t d h ,' (iii) A i =Ai , ,  (iv) AiA  J = 2h=oPi]Ah, (v) AiA  j =A jA i ,  (v)' A i =A i ,  
where A' denotes the transpose of A. So Ao, A1 , . . . ,A  d generate a 
(d + 1)-dimensional commutat ive C-algebra 1I of n × n matrices called 
the Bose-Mesner algebra of 2". Since A0, A1 , . . . ,  A d pairwise commute,  
they can be diagonalized simultaneously, and thus we have the decomposi-  
tion C n = V 0 ~ V I ~ • .. @ Vd, where each ~ is a common eigenspace for 
the matrices A i. We may suppose that V 0 is the 1-dimensional eigenspace 
corresponding to the eigenvalue n. Suppose {E 0 = n -  l j ,  E1 ' E2 . . . .  , E d} is 
a basis of the primitive idempotents of the algebra. Then the base change 
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matrix P = (pj(i)), whose (i, j)-entry pj(i) is given by 
d 
Aj = E pj( i )Ei ,  
i=O 
is called the character table (or the first eigenmatrix) of the scheme ~-~. 
The number pj(i) is characterized by the relation AjE,  = &( i )E  s. Since 
the A t are integral matrices, the p~(i) are algebraic integers. Thus the 
pi(i) are integers if all the multiplicities m r = rank(Ei) are distinct. The 
numbers q~ which satisfy Eio Ej = (1 /  [Xl)Ed=oqihjEh are called the 
Krein parameters of the scheme. Here we use the symbol o for Hadamard 
multiplication. The Krein parameters are known to be nonnegative real 
numbers. 
(2.3) The character table P = (&(i)) of ~ = (X, {Rs}0<S_<d) satisfies 
the orthogonality relations: (Here and in what follows, g denotes the 
complex conjugate of a, and [d] denotes {0, 1 . . . . .  d}.) 
d 1 n 
E  pj(il) 1,,.(i2) = j=O " ~iliz mil 
d 
~-~ miPh(i)Ph(i) = 6JxJz " n" kh, 
i~O 
il, i 2 ~ [d] 
Jr,J2 ~ [d].  
The multiplicities, the Krein parameters, and the intersection umbers 
are calculated from the character table as in the following formulae: 
m i = n for i ~ [d] 
j k j  
d 
mimj  E Pv( i )p~( J )Pv(h)k~ 2
qh. n v=0 
1 d 
ph n " k h ~" Pi(v)PJ(V)Ph(V)m~ for h, i, j ~ [d] .  
v=0 
Let B i be the matrix whose (j, h)-entry is p h. Then the identity 
~d t Pi(h)&(h) = l=oPi~Pl(h), which follows from the identity (iv) of (2.2), can 
be expressed as 
BiP' = P ' .  diag [pi(0) ,  p, (1 )  . . . .  , p i (d ) ] .  
Namely, the p~(l) are eigenvalues of B~, the ith "intersection matrix" of 
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2,. It follows that the Bose-Mesner algebra is isomorphic to the algebra 
generated by Bo, Ba, . . . , B d. 
We now give two well known examples of schemes which come from 
finite groups. 
(2.4) (Orbital schemes) Let G be a finite group acting transitively on 
a finite set X. Then G acts naturally on the set X × X. Let ~0 = {(x, x) Jx 
X}, G a ,G2, . . . ,G  d be all the orbits of the action of G on X×X.  
Suppose the permutation representation of G on X is multiplicity-free; 
i.e., the representation is decomposed into a direct sum of non-equivalent 
irreducible representations of G. Then by defining the association rela- 
tions R i = ~., we get a (commutative association) scheme 2,(G,  X )= 
(X ,  {Ri}o<_i<_d). Such a scheme 2,(G,  X)  is called an orbital scheme. 
(2.5) (Group schemes) Let G be afinite group with conjugacy classes 
C o = (1}, C a, C 2 . . . . .  C d. Define the relations Ri( i  = O, 1 . . . . .  d)  by 
(x ,y )¢R  i i f f yx - lec i .  
Then 2"(G) = (G, {Ri} 0_<i_<d) becomes a (commutative) scheme. Such a 
scheme is called a group scheme of G. 2 , (G)  is also obtained from the 
action of G × G on the set G by x (g'h) = g - lxh  for any x e G and 
(g, h) e G × G. It is well known that the Bose-Mesner algebra of the 
scheme 2 , (G)  is isomorphic to the center of the group algebra CG of G. 
Also, in this case, k i = ICil and m i = f/2, where the ~ are the degrees of 
the irreducible characters of G. Let P be the character table of 2" and T 
be the group character table of G, then we have 
p = f l  • T .  . 
f~ 0 k~ 
So we can determine P from T and vice versa by a normalization. 
We will close this section by reviewing the notation of strongly regular 
graphs. 
(2.6) Let 2,  = (X ,  (Ri)  o ~i~2) be a symmetric association scheme of 
class 2. Then the first relation graph F I (X ,  R 1) becomes the strongly 
regular graph with parameters (n ,k ,A ,~)  given by n = [XJ, k = k 1, 
A = P~l, ~ = P~l- In this case, we have 
B 1 = A /z , P = 1 r t ml ,  
k-A  - 1 k - l z  1 s u m2 
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where r= - t -  1 =(1 /2) (h - /x  + ~--),  s= -u -  1=(1 /2) (h -  
/x - vCD-), m 1 = (1 /2){n - 1 - (2k + (n - 1)(h - /x ) ) /~D- ) ,  m 2 = n - 
m 1 -  lw i th  D=(h- /x )  2+4(k - /x ) .  
3. FUSION AND FISSION 
In this section, we will review some basic facts about fusion and fission 
of a commutative scheme. (cf. [1], [3], [4], [8], [10]-[14].) 
(3.1) Let 2 ,= (X,{Ri}o<i<_a) nd ~= (S~{ka}oNaNe) be commu- 
tative association schemes defined on X. If for every i ~ [d], R~ ___/~ for 
some a ~ [e], then we say that ~ is a fusion scheme of 2,,  and 2" is a 
fission scheme of ~@. For the notation, we will denote all the symbols 
~,y 
belonging to ~" by a placed over the symbols (such as, p~¢, rhi, /~i, /3, 
~(i), etc.) whenever we need to distinguish them from those belonging 
to 2". 
The following two criteria for fusion will play an important role in our 
discussion. 
(3.2) For a given scheme 2,  = (X,  {Ri} 0 < i_< d ) and a partit ion A = 
{Aa}0 _< e~ _< e o f  [d ]  with A 0 = {0}, ~ = (X, {/~,}0_< ~_< ~) becomes a scheme 
with the relations defined by /~ = U i~A?i, fo r  a ~ [e], if and only if 
(i) /~" = Ui~aR'i = Ui~A~,Rj =/~,  for some a' ~ [el, and 
(ii) for any a, 3, 3' ~ [e], and any h, k ~ Fr, 
h = I2  I2  --- 
i~A,~ j~A~ i~A~ j~A~ 
(3.3) (Bannai [1], Johnson and Smith [111, Muzichuk [14]). Let 2 ,  = 
(X,{Re}o<_i< d) be a scheme, and A = {Aa}o<_a<_e b  a partit ion of [d] 
such that A 0 = {0}. Suppose for every a ~ [e], Ui~nRi, = Uj~A.,Ri for 
some a' ~ [el. Then A gives rise to a fusion scheme 2" = (X, {/~}0_<_~___e) 
with/}~ = Ui~A Ri if and only if there exists a partit ion A* = {A*}0___,~<e 
of [d] with A* -'"{0} such that each (A~, A,)-block of the character table 
P of 2" has a constant row sum. In this case, the constant row sum 
]2i~a p](i) for i ~ A~ of the block (A~, A~) is the (/3, a)-entry/56(/3) of 
the fusion character table i 6. 
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(3.4) The character table of a commutative fission scheme of class 3 
can be calculated as follows: 
LEMMA [3, Theorem 2.3]. Let  2,= (X,{Ri}o<_i<_ 2) be a symmetric 
association scheme of class 2 with character table 
1 k I k 2 1 
P= 1 r t ml .  
1 s u m2 
Suppose ~@= (X, {/}j}0 <j _< 3) is a non-symmetric fission scheme of 2,  
with three classes uch that k 2 = R'I,/}l^U/}2^ = R 1,/}3 = R2,/~1 u/~2 = 
El, /~3 = E2. Then the character table P of 2,  is given by 
1 1 
1 ~kl  ~k x k 2 1 
1 
1 p fi t gm I = th 1 
P= 
1 = /T/2 1 fi p t ~m 1 ' 
1 1 1 7s ~s u m2 = rh 3 
where p = l ( r  + ~/-  nk 1 / ff-m~l ).
(3.5) Remark. For a given symmetric association scheme 2" of class 2, 
we can calculate several putative fission tables /~ using the above lemma 
without knowing the existence of such fission schemes of class 3 in 
advance. To find a fission scheme for a given symmetric association 
scheme, our approach is to compute all the putative fission tables /3 first, 
and then construct a scheme ~ based on the parameters /3( ~ obtained t) 
from each table /~, by using the formula in (2.3), if it is ever possible. We 
shall call a table /~ (or a set of parameters obtained from the table) 
feasible if it satisfies the most obvious necessary conditions (even when it is 
ruled out by other considerations): 
(i) All the multiplicities rhj are integers. 
(ii) All the intersection umbers fih (including the ~:i ^0 = Pir) are 
nonnegative integers. 
(iii) All the Krein parameters c~/~ are nonnegative r als. 
4. HAMMING SCHEMES AND JOHNSON SCHEMES OF CLASS 2 
In this section, we shall see that all Hamming schemes H(2, q) and 
Johnson schemes J(v, 2) are hardly ever recognized as symmetrizations of 
any non-symmetric association schemes. 
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(4.1) (Hamming scheme H(2, q)) Let F be a finite set of cardinality 
q _ 2, and X = F × F be the set of ordered pairs of elements of F. If we 
define R i by (x, y)~ R i if and only if x and y differ at exactly i 
coordinates (i = 0, 1, 2), then ~ = (X, {Ri} 0_< i___ 2) becomes a symmetric 
association scheme. This scheme is called the Hamming scheme (of class 
2) and is denoted by H(2, q). The first relation graph FI(X, R 1) of H(2, q) 
is the strongly regular graph with parameters (q2 2(q - 1), q - 2, 2). In 
91 - -  
1 
P= 1 
1 
fact, 
0 
2 (q -  1) 
0 
2 (q -  1) 
q -2  
-2  
1 0 
q-2  2 , 
q - 1 2 (q  - 2) 
(q - 1 )2 1 
--q + 1 2(q  - 1 ) .  
1 (q -  1) 2 
(4.2) THEOREM. For q > 3, H(2, q) has no symmetrizable fission 
schemes of class 3. 
Proof. Suppose we assume that H(2, q) has a symmetrizable non-sym- 
metric commutative fission scheme ~ of class 3 and further that R 1 and 
E 1 split into R 1 --~/~1 u~/~2 and E 1 = J~l I,...J J~2, respectively. Then by (3.4), 
the fission table P of ~ is given by 
= 
1 q -1  q -1  (q - l )  a 
1 p /5 -q+l  
1 ~ p -q+l  
1 -1  -1  1 
1 
q -1  
q -1  
(q - 1) 2 
1 with p = ~(q-2+qv/ -  1). 
By the formula (2.3), we then have all parameters, in particular, 
n 1 = 
0 1 0 0 
1 1 0 ~(q-2)  -~(q -2)  1 
1 1 q-1  g (q -2)  g (q -2 )  0 
0 0 q -1  q -2  
However, B 1 cannot possibly be an intersection matrix of a scheme 
because /~21 = - l (q  _ 2 )  is negative if q > 3, i.e., /; is not feasible as a 
character table. 
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By exactly the same argument, we can show that there is no feasible 
fission table corresponding to the cases when R 1 and E 2 split, when R 2 
and E1 split, and when R 2 and E 2 split. For instance, if we assume that 
R 2 and E 2 split into R 2 /}2 I )  /}3 and E2 /~2 U/~3, then /3 a : ~ 22 comes 
1 2 -4q+5~0(mod4) ,so i t i snotan  out as ~(q - 4q + 5). However, q2 
integer. 
(4.3) Remark. In the above proof, if q = 2, then we have the following 
feasible fission table from the case when R 1 =/}1 t.2/~2 and E 1 = E1 C) E2: 
is = 
1 1 1 1 
1 i - i  -1  
1 - i  i -1  
1 -1  - I  1 
1 
1 
1' 
1 
( i=~- -1) .  
The table fi is indeed the group character table of Z 4, which is also 
recognized as the character table of the group scheme 2"(Z4). Hence 
H(2~ 2) has a unique non-symmetric commutative association scheme whose 
symmetrization is isomorphic to H(2, 2). 
(4.4) (Johnson scheme J(v, 2)). Let X be the collection of all 2-ele- 
ment subsets of u-element set with v > 4. Two 2-subsets x and y in X 
are in the relation R i whenever they have 2 - i elements in common, i.e., 
Ix c~ y[ = 2 - i for i = 0, 1,2. For each v >_ 4, this defines a symmetric 
association scheme of class 2, denoted by J(v, 2), with JX[ = ( ; ) ,  
ki= ~) (~72) ,  
\ / 
0 1 0 
B 1= 2(v -2)  v -2  4 , 
0 v -3  2 (v -4 )  
1 (v_2) (v_3  ) 1 2(v  - 2 )  
P= 1 v -4  -v+3 
1 -2  1 
1 
v-1  
½v(v - 3 )  
Proof. Suppose J(v, 2) has a symmetrizable (non-symmetric) ommuta- 
tive fission scheme of class 3. Then J(v, 2) must have at least one of the 
The parameters of the first and the second graphs FI(X,R I) and 
F2(X, R 2) of J(v, 2) are (½v(v - 1), 2(v - 2), v - 2, 4) and (½v(v - 1), ½(v 
- 2)(v - 3), ½(v - 4)(v - 5), ½(v - 3)(v - 4)), respectively. 
(4.5) THEOREM. For v>5 and v~7 (mod 8), J(v, 2) has no sym- 
metrizable fission schemes of class 3. 
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following four fission tables by (3.4): 
i v -2  v -2  
p fi 
fi P 
-1  -1  
l (v - 2) (v - 3) 
-v+3 
-v+3 
1 
1 
' ( v - l )  
a(v -1)  
i v (v -  3) 
w i thp= ½(v-4+ 1 / -v (v -2 ) ) ;  
1 1 v -2  v -2  5 (v - 2) (v - 3) 
1(v -4)  ~ 4) v+3 1 ~ (v  - - 
1 ~ ~ 1 
1 ~ ~r 1 
1 
u-1  
¼~(~ - 3 ) 
~,  - 3 ) 
,ac K 
with or= -1  + 1 / -  (v -  l ) (v -2 ) /1 /2 (v -3 ) ;  
1 2(v -2 )  7 (v -2}  
1 v -4  r 
1 v-4  7 
1 1 -2  5 
(~  -3 )  ¼(v -2 ) (v -3 )  
T 
1 
1 
1(v - l )  
I (V - -1 )  2 
½V(V -- 3 
1 with r = 5( -v  + 3 + ½l / -  v(v  - 2) (v - 3) ); 
- ~ -2 ) (v -3 )  1 2(v  2) a (v  1 (v -  2 ) (v -  3) 
1 ~(v-3)  -7 (v -3 )  1 v -4  -5  
1 -2  co 
1 -2  ~ o~ 
1 
10-1 
¼v(v  - 3 
¼v(v - 3 
with oJ = ½(1 + ½!/-  2(v - 1) (v - 2 ) ) .  
However, none of these tables is feasible unless v --- 7 (mod 8) or v = 4. 
This can be seen by the straightforward computations as follow: /3p is not 
feasible because 421 = (v - 1)2(4 - v) /4 (v  - 2) 2 is negative if v >_ 5 . /~  
is not feasible because /332 = (v - 2 ) / (v  - 3) is not an integer unless 
v = 4./~, is not feasible because of the integrality conditions on/~3 = (1/  
4 ) (v -2 ) (v -3 ) ,  rh 1=(1 /2) (v -  1), and ^2 = P2  (1 / /  8) (V 2 11v + 26). 
Finally /~o, is not feasible because /332 = (1 / /  8) (U -- 2)(v - 7) and 1"~/2 = 
(1/4)v(v - 3) become integers only when v = 7 (rood 8). This completes 
the proof. 
(4.6) Remark. As we have seen in the proof of (4.5), J(4, 2) has one 
feasible fission tab le /~,  with o" = - 1 + ~Z_ 3. The parameters obtained 
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from the table are summarized as 
0 1 0 0) 
0 0 2 0 
LP l= 2 0 0 2 ' 
0 1 0 0 
/~3= 0 
It is now easy to verify that: 
B2 
0 0 
1 0 
0 1 
0 0 
(i ° 
0 
2 
0 
1 
0 
0 
0 
1 0 
0 2 
0 0 ' 
1 0 
COROLLARY. J(4, 2) /s realized as the symmetrization of the non-sym- 
metric commutative association scheme •(d4,  (v)) which comes from the 
\ - -1  
action of the alternating group d 4 on the set of two-element subsets of a 
four-element set V. 
(4.7) In the proof of (4.5), we have also seen that if v - 7 (mod 8), 
then /3~o is a feasible fission table of J(v,2). The table /;~o gives the 
following intersection matrices. (We omit /~3 here. It is easily computed 
from /31 and /~2, by some basic identities. See [2], [5].) 
0 1 0 
2 (v -2 )  v -2  4 
I 0 5(v -3 )  v -5  
1 0 ~(v -3)  v -3  
0 0 
o ½(~,-3) 
(v - 3 )2 0 
1 l ( v  2 ) (v -3 )  g (v -3 ) (v  5) 
0 
4 
v-3  
v -5  
1 
v- -5  
½(v 2 -  9v + 22) 
½(v 2 -  9v +22)  
0 
U -- 3 
I (U2  9v + 14) 
J (v 2 9v + 22) g 
So by a straightforward computation, /3~o satisfies the feasibility conditions 
if v - 7 (mod 8). However, we believe that there is no scheme whose 
character table coincides with /3~0 up to a permutation on rows and 
columns. 
LEMMA. If V = 7, then t3~ is not realized as a character table of any 
commutative association scheme. That is, J(7, 2) does not have such a 
commutative fission scheme. 
Remark. The lemma was first proved in [7, Theorem 2] by Enomoto 
and Mena, in a different context, namely, the existence problem of 
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distance-regular digraphs of girth 4 and diameter 3. The author was also 
informed by Klin that Muzichuk also proved the non-existence of such a 
scheme on 21 Points by using the representation of the Bose-Mesner 
algebra over GF(2). It can be also proved by rather lengthy, but elemen- 
tary, combinatorial rgument. 
Problem. Settle the case of v - 7 (mod 8) with v > 15 
5. F iss ion SCHEMES OF COMPLETE MULTIPARTITE STRONGLY 
REGULAR GRAPHS 
In this section we shall see that there exist infinitely many symmetric 
schemes of class 2 having one or two symmetrizable commutative fission 
schemes of class 3. They come from strongly regular graphs (SRGs) with 
parameters (n, k, 2k - n, k), n _< 2k. 
(5.1) We first recall that for a SRG F with parameters (n, k, h,/x), 
the following (i), (ii), (iii) are equivalent: 
(i) /z -- k (and thus h = 2k - n), 
(ii) F has eigenvalues r = 0 and s = -n  + k, 
(iii) F is completely multipartite with the size of each part n - k, 
i.e., the complement F' of F is n~ (n - k ). K n_k, the union of n~ (n - k) 
copies of the complete graph on n - k vertices. 
(5.2) Let 2"(F) denote the symmetric association scheme obtained 
from the SRG F by defining the relation by the adjacency. (That is, 
(x, y) ~ R 1 if x and y are adjacent, and (x, y) ~ R 2 otherwise, so that F 
becomes the first relation graph of S (F ) . )  If F is such a SRG with 
parameters (n, k, 2k - n, k) then the scheme 2"(F) has 
p = 
B 2 = 
0 1 O) 
B 1 = k 2k  - n k , 
0 n -k -1  0 
0 0 1 ) 
0 n -k -1  0 , 
n -k -1  0 n -k -2  
1 k n -k  1- i ) 1 1 0 _ n (n -k -1 ) /n -k  
1 -n+k n -k -  • k / (n -k )  
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with n/2<_k<n-  1, (n -k ) ln , (n -k ) lk  where a lb  denotes b=0 
(rood a). 
In the rest of this section, our scheme 2" = (X,{Ri}0<i_< 2) is always 
assumed to be • (F )  with the above parameters associated with SRG F 
having parameters (n, k, 2k - n, k), unless otherwise specified. 
(5.3) LEMMA. Suppose S = 2"(F)  has a non-symmetric commutative 
fission scheme ~@ of class 3 whose symmetrization is isomorphic to 2". 
Then 2" has one of the following three fission tables: 
(i) 
/~= 1 
1 
where p 
(ii) 
½k ½k n - k - 1 
p ~ -1  
p -1  
i ( k -n )  ½(k -n)  n -k -  1 
= ½{-k(n  - k ) / (n  - k - 1)} 1/2 . 
13= 0 0 -1  
~o-  
o" ~ n -k -1  
o" n -k -1  
where o- = ½[ -n  + k + { -n(n  - k)} 1/2] 
(iii) 
1 
/ s= 1 
1 
1 
where z 
Proof.  
(i)-(iii). 
1 
½n(n - k - 1 )~(n-k )  
½n(n  - k - 1 )~(n-k ) '  
k~ (n  - k )  
1 
n (n  - k - 1 )~(n-k )  
½k/ (n  - k )  
½k/(n  - k)  
' (n -k - l )  ~(n -k - l )  k 
0 z 
0 ~ r 
l (n -k -1 )  1 (n -k - l )  k-n  
1 
½n(n - k -  1 )~(n-k )  
½n(n - k - 1 ) / (n  - k ) '  
k~ (n - k )  
= 3{-1  + (k - n) 1/2} 
It is immediate from (3.4) to have the possible fission tables 
Note that we do not have the table 
i ~(n -k  -1 )  l(n --k -1 )  1 k ~ 
1 1 p= 0 ~ 
k-n  w 
1 k -n  ~ 
1 
n(n -k -  1 )~(n-k )  
½k/ (n - k) 
½k/(n  - k )  
with w = ½[n - k - 1 + {-n(n  - k ) (n  - k - 1 ) /k}1/2] .  
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The reason for this is that t6 is not feasible for any n, k satisfying the 
conditions in (5.2). In fact, the intersection umber/3212 = ½(k - n) from 
/; is not a positive integer, so it is deleted from the above list. 
We shall see that each of the tables (i)-(iii) is feasible as the character 
table of a symmetrizable association scheme of class 3 for some n and k. 
Namely, under the same assumptions and notations we made in (5.2) and 
(5.3), we now have the following. 
(5.4) THEOREM. For a given (n ,k )  satisfying n /2  < k < n , (n -  
k )ln, (n - k )[k, the scheme ~C~( F) of the SRG F with parameters (n, k, 2k 
- n, k) has t~o as a feasiblefission table if and only if the n and k satisfy the 
following feasibility condition F o for 0 ~ {p, o-, ~-}. 
(Fo): n = 0, k -- 0 or 2,2(n - k) ln,(n - k)(n - k - 1)[k; 
(F~): Either n - -0  or 2, k -0 ,  2n/3  <k  <n-2 ,2 (n -k ) lk ;  or 
n -  lo r3 ,  k=2,2n/3  <k<n-2 ;  
(F_): n -k -3 ;  
where all the congruences are modulo 4. 
An immediate corollary of this is: 
COROLLARY. For a given SRG F with parameters (n, k, 2k - n, k), if 
(n, k) does not satisfy any of the Fp, F~, and F~, then ~(F)  is not a 
symmetrization f any non-symmetric association scheme with three classes. 
Proof of Theorem. Since the proof of the equivalence between the 
feasibility of/~0 and the corresponding condition F o in terms of n and k 
for each of the cases ~r, ~" is an analogue of that for the case 0 = p, we 
shall only prove the case of 0 = p. 
Suppose /~p is a feasible character table of a scheme. Then the first 
intersection matrix could be given as 
0 1 0 0 
0 ¼ (2k - n) ¼(2k - n) ¼k(n -- k ) (n  - k - 1 ) -1  
½k ¼(2k-n)  ¼(2k-n)  ¼k(n-k -  2) (n -k -  1) -~ 
0 -k -2 )  ½(n ~ (n - k)  0 
So the integrality conditions on /~1 = k~ 2, /3~a = (1 /4 ) (2k -  n) imply 
that  k = 0 (mod 2) and  n = 0 (mod 4). Moreover ,  
rh 1= (1 /2 )n(n -k -  1 ) (n -k )  -1 and /331 =(1 /4)k (n -k ) (n -k -  
1) -1 must be integers. Therefore, 2(n - k) and n - k - 1 have to divide 
n and k, respectively. So together with the integrality of rh 3 = k(n - k)-1, 
we have all the divisibility conditions of F o. 
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Conversely, suppose (n, k) satisfies Fo, in addition to the necessary 
conditions given in (5.2). Then by a straightforward computation using 
(2.3), we can see that /~o satisfies the feasibility conditions given in (3.5). 
This completes the proof. 
(5.5) Later, when we construct a scheme by the parameters, we shall 
need the intersection umbers. The intersection matrices computed from 
the above feasible tables /;o, /~, and fi~ are given as follows. For tip, 
0 0 0 1 
1 k) 0 1 (n  -- k -- 2) 7 (n - /33= 0 
0 ½(n-k )  ½(n-k -2 )  0 
n-k -1  0 0 n -k -2  
For /3 ,  
/~3 
0 1 
1 (3k - 2n) 0 z 
lk ¼(3k- 2n) 
0 
I ° 0 
0 
n -k -1  
For fi~, 
1 
2k -n  
B1 = ~-1 (n -  k -  1) 
1 (n -k - l )  
0 
0 
/~2= 0 
1(n-k - l )  
n-k - I  
0 
n -k -1  
0 
0 
¼(2n - k) 
¼(3k - 2n) 
0 
0 
0 
n-k -1  
0 
0 
0 
½k 
0 
1 
0 
0 
n -k -1  
. 
0 0 
k k 
0 0 
0 0 
0 
l (n -k -1)  
0 
0 
1 0 
0 0 
1(n-k+1)  l(n -k -3 )  
~(n-k -3 )  l (n -k -3 )  
(5.6) THEOREM. The symmetric association scheme coming from the 
complete multipartite strongly regular graph with parameters (n, n -  3, 
n - 6, n - 3) or (n ,2n /3 ,  n /3 ,2n /3) ,  for every n > 6 and n - 0 (rood 
3), is realized as the symmetrization of a non-symmetric ommutative 
association scheme of class 3. 
582a/70/1-2 
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Proof (1) Let F be the SRG with parameters  (n, n - 3, n - 6, n - 3) 
with n - -0  (rood 3), n > 6. Let X={0,1 ,2  . . . . .  n -  1} be the vertex 
set and R 1 = X x X -  R 0 -R  2 be the edge set of F, where R o = 
{(x, x)lx ~ X} and R 2 U n-3 • = k=0{(k, k + 1), (k  + 1, k), (k + 1, k + 2), 
(k + 2, k + 1),(k + 2, k ) , (k ,k  + 2)}. Denote ~-~(F) = (X,{Ri}o_<i<2) 
with F = (X,  R1). Then the character table of Y (F )  is 
1 n -3  
P= 1 0 
1 -3  
2 1 
-1  2n /3  
2 (n -3 ) /3  
By (5.3) and (5.4), Y (F )  then has a feasible fission table /~ of type r, 
namely, 
-1 n -3  1 1 1 
1 0 r ~ n /3  
1 /~= wi thr= 3( -1+ f7 -3  ). 
1 0 q r n~ 3 
1 -3  1 1 (n - 3 ) /3  
/~ gives us the following intersection umbers: 
{nn-6  i fh=l  
"b)l = 3 otherwise 
/3h =/3h = 1 for a l lh  hO Oh 
/3~j =/3)1 = 1 fo r j  = 2,3 
^o =/3°  =/33 =/32 = 1 P23 32 22 33 
/3h. = 0 otherwise. lJ 
It is straightforward to verify that these parameters  are, in fact, those of 
the non-symmetr ic ommutat ive association scheme ~,@ = (X,  {/~i}0 ~ i < 3) 
such that./} 1 = R 1,/~2 = U ~-g{(k, k + 1), (k + 1, k + 2), (k + 2,'k)},'and 
R 3 U n-3 = k=o{(k + 1, k), (k + 2, k + 1), (k, k + 2)} = R 2. Also it is obvious 
to see that R 2 = R 2 U R 3 and ~ is a fission of 2". 
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(2) Let F be the SRG having parameters (n, 2n /3 ,  n~ 3, 2n /3)  with 
n = 0 (mod 3), n > 6. Then the character tables P of S (F )  is 
p = 
1 2n/3  n /3 -  1 ] 1 
1 0 -1  J n -3 ,  
1 n /3  n /3 -  1 2 
and has a feasible fission table /3¢ of type o-. Namely, 
Ill n /  3 n /  3 
t~ = 0 0 
o" 
cr 
n /3  - 1 
-1  
n /3  - 1 
n /3  - 1 
1 
n-3  
1 
1 
with cr = n /6 ( -1  + ~/- 3 ) 
The intersection umbers possible for t3¢ must be 
// 
^0 _ ~0 _ ;33 = ~3 = ;321 = ;31 
P I2  - -  21 - -  12 21 22 = 3 ,  
?/ 
/~3  =~1 =/~2 =1~2 _ ~0 = __ _ 1 ,  
31 23 32 - -  33 3 
n 
~3 = m m 2~ 
33 3 
;3h. = o 
tj 
for h = 0 ,1 ,2 ,3 ,  
for the rest of h, i, j. 
The parameters and the table /~ are realized as those for the non-sym- 
metric commutative association scheme ~ = (X, {/~flo_<j_< 3), whose asso- 
ciation relations on X × X are defined as 
/~1 = 
/~2= 
/~3 = 
{ (x, x)lx ~ x} 
(x  0 x x1) i j (x  I x x2) u (x  2 x Xo) 
(Xo x x2) u (Xl x ?Co) v (x2 x x,)  
(Xo XXo) u (x l  xx , )  u (x2 xG)  -Ro,  
where X= {0 ,1 , . . . ,n  - 1} =X 0 UX 1 UX 2 with X 0 = {0,1 . . . . .  
n~ 3 - 1}, X 1 = {n/  3, n~ 3 + 1, . . . ,  2n /  3 - 1}, and  
X 2 = {2n/3 ,2n /3  +1 . . . .  , n - 1}. It is now obvious that ~ is isomor- 
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phic to the fusion scheme of ~ obtained by fusing k 1 and /~2. This 
completes the proof. 
Note that the fission scheme ~ with such parameters /~h is uniquely 
determined up to an isomorphism for a given n in each of the above 
constructions (1) and (2). 
(5.7) There are many other (n, k) which yield an infinite class of 
symmetric association schemes which are realized as the symmetrization f 
certain commutative schemes besides the classes given in (5.6). For in- 
stance, all the SRGs with parameters (n, n - 7, n - 14, n - 7) with n = 0 
(rood 7), and (n, n - 11, n - 22, n - 11) with n = 0 (mod 11) will yield 
other infinite classes. Suppose n = 0 (mod 7) and n > 14. Then ~(F)  
with SRG F having parameters (n, n -  7, n -  14, n -  7) has feasible 
fission table of type r. Namely, 
i n 7 3 3 ]  
' 0 7 ~ 
- 3 3 
1 
3n/  7 
3n/  7 ' 
(n -7 ) /7  
1 wherer  = ~( -1  + ~7 ). 
The intersection matrices must be then 
f 0 1 0 0 1 = n -7  n - 4  n -7  n -7  
0 3 0 0 ' 
0 3 0 0 
[i °1 ° 1 3 0 0 13 L'2= 0 1 2 " 
0 1 1 
These parameters are easily recognized as those of the scheme X(F )  
whose association "relation table," i.e., the matrix Eai=liAi, may be de- 
scribed as a block diagonal matrix with the all-1 matrix on every off 
diagonal block, and the following 7 × 7 matrix W on every main diagonal 
block. (See also Example 3 in (6.5).) Now the case when n - 0 (mod 11) is 
also described in the same manner. (See Example 7 in (6.5).) 
W= 
-0 2 2 2 3 3 3 
3 0 2 3 2 2 3 
3 3 0 2 2 3 2 
3 2 3 0 3 2 2 
2 3 3 2 0 2 3 
2 3 2 3 3 0 2 
2 2 3 3 2 3 0 
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6. EXAMPLES 
In this section, we examine various symmetric association schemes 
coming from strongly regular graphs with parameters (n, k, 2k -  n, k), 
and their symmetrizable fission schemes. 
(6.1) In (5.4), we see that for every n - 0 (mod 2), n >_ 8, if F is a 
SRG with parameters (n, n - 2, n - 4, n - 2), then 2~(F) has a feasible 
fission table of either type p or type ~r, depending on n. As a matter of 
fact, Theorem 5.4 implies that if n -= 2 or 6 (mod 8) then fi~ is feasible, 
and if n - 0 or 4 (mod 8) then rio is feasible for the 2~(F). However, 
unlike the cases discussed in Theorem 5.6, where all feasible fission tables 
are actually realized as the character tables of schemes, we have the 
following: 
LEMMA. I f  n =-- 2 or 4 (mod 8), let F be the SRG with parameters 
(n, n - 2, n - 4, n - 2). Then thefission table 13~ ort3p (respectively) of the 
scheme •(F )  is feasible, but is not realized as the character table of a 
scheme. 
Proof. Suppose n -  0 or 4 (mod 8). Then by (5.4), the symmetric 
scheme OF(F) from the SRG having parameters (n, n - 2, n - 4, n - 2) 
has a feasible 
obtained from 
fission table /~o of type p. The first intersection matrix 
the table /~p is given by 
0 1 0 0 ] 
1 (n -4 )  ! (n -2 )  1(n - -4 )  ~0 
/~1 = ~ (n 2) ~ 1 (n - 4) 0 " - 1 (n -4 )  
0 0 1 0 
If n _> 8, then  P{ I (  = p112 = p121 = P!22 = p2 I  = p2 z) = ¼(n - 4) 4: 0. There- 
fore, there is an element z ~ X such that z ~ Fl(X)(~ Fl(y), where 
y ~ F!(x) and x, y ~ X. Moreover, for any such z ~ F~(x) (3 F!(y), it 
is the case that [F!(x) ~ Fl(y) A F!(z)l = ]F!(x) c3 F!(y)  c~ F2(z)I = 
]F2(X)  f~ /'2(Y) A F I (Z) ]  = [/~2(X) (-'1 F2(y) A F2(z)[ = 1 1 2{a(n - 4) - 1}. 
However, the number ! 5{a(n - 4) - 1) is an integer iff n - 0 (mod 8). So 
it is clear that there is no scheme whose intersection numbers coincide 
with those given by/;p if n - 4 (mod 8). 
When n - 2 or 6 (rood 8), the SRG (n, n - 2, n - 4, n - 2) also gives a 
feasible fission table /3  of type ~r. The case n -- 2 (mod 8) is ruled out by 
a similar combinatorial argument, so we omit the details. 
(6.2) REMARK. We believe the following is true, but we have not yet 
been able to give an explicit proof  or construction for general n (see 
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Examples 2, 6, and 9, below): The symmetric scheme coming from the 
SRG having parameters (n, n - 2, n - 4, n - 2), n --- 0 (rood 2), n > 8, is 
real ized as the symmetr izat ion of a non-symmetr ic  commutat ive associa- 
t ion scheme iff n = 0 or 6 (rood 8). 
(6.3) In Table I we give the list of  all SRGs up to n = 24 that yield 
feasible tables, as discussed in (5.4). In every case where a feasible table is 
actually realized, a description of  the corresponding fission scheme is 
given. (See Examples 1 -9  in (6.5).) 
(6.4) The symmetric scheme Z(F )  with SRG F of  parameters 
(20, 16, 12, 16) is not a symmetr izat ion of  any non-symmetr ic  scheme of  
TABLE I 
Parameters for F Feasible fission Description of the fission scheme 
2"( / ' )  n, k, 2k  - n, k table type 0 if)it exists c.f. 
1 4, 2, 0, 2 p Scheme of the cyclic group of order 4 (4.3) 
2 6 ,3 ,0 ,3  ~- Ex. 1 
3 (4.6) 
4 8, 6, 4, 6 p Ex. 2 (6.2) 
5 9, 6, 3, 6 o-, "r (k = n - 3 = 2n /3)  (5.6) 
6 10, 8, 6, 8 cr Not realized (k = n - 2, n -= 2 (mod 8)) (6.1) 
7 12, 8, 4, 8 ~r (k  = 2n/3)  (5.6) 
8 12, 9, 6, 9 ~- (k = n - 3) (5.6) 
9 12, 10, 8, 10 p Not realized (k = n - 2, n --- 4 (mod 8)) (6.1) 
10 14, 7, 0, 7 ~- Ex. 3 (5.7) 
11 14, 12, 10, 12 ~ Ex. 4. (k  = n - 2, n -~ 6 (rood 8)) (6.2) 
12 15, 10, 5, 10 ~r (k  = 2n/3)  (5.6) 
13 15, 12, 9, 12 ~" (k = n - 3) (5.6) 
14 16, 12, 8, 12 p Ex. 5 
15 16, 14, 12, 14 p Ex. 6 (k = n - 2, n --- 0 (rood 8)) (6.2) 
16 18, 12, 6, 12 ~r (k = 2n/3)  (5.6) 
17 18, 15, 12, 15 ~" (k = n - 3) (5.6) 
18 18, 16, 14, 16 ~ Not realized (k = n - 2, n -= 2 (mod 8)) (6.1) 
19 20, 16, 12, 16 ~r Not realized (6.4) 
20 20, 18, 16, 18 p Not realized (k = n - 2, n -= 4 (rood 8)) (6.1) 
21 21, 14, 7, 14 ~r, r (k = 2n/3)  (5.6)(5.7) 
22 21, 18, 15, 18 ~r, r (k = n - 3) (5.6) 
23 22, 11, 0, 11 r Ex. 7 (5.7) 
24 22, 20, 18, 20 cr Ex. 8 (k = n - 2, n --- 6 (mod 8)) (6.2) 
25 24, 16, 8, 16 o, (k = 2n/3)  (5.6) 
26 24, 21, 18, 21 ~- (k = n - 3) (5.6) 
27 24, 22, 20, 22 p Ex. 9 (k = n - 2, n --- 0 (mod 8)) (6.2) 
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class 3. By (5.4), • (F )  has a feasible table of type o-, namely, 
1 8 8 3 
1 0 0 -1  
1 o- ff 3 
1 ff o- 3 
1 
15 
2 
2 
with corresponding intersection matrices 
0 1 0 0 
0 2 6 0 
8 2 2 8 
0 3 0 0 
and Ii °° 1 l/9~3 = 3 0 0 0 3 0 " 
0 0 2 
However, these parameters are not realized by a scheme. To see this, 
sffppose F '  is the complement of the SRG F. Then F '  can be described as 
the disjoint union of 5 copies of the complete graph K 4 on  4 vertices. Let 
us denote the vertex set X by {xl, x2, . . . ,x20} and assume that the 
four-element subsets {Xl, X2, X3, X4} , {X5, X6, X7, X8}, . . . , {X17 , X18 , X19 , X20 } 
are the components K 4 of /~'. Since P13 = 3 and Plo = 1, if one vertex in 
a component belongs to F~(x 1) then all four vertices in the component 
must belong to Fl(xa). Therefore, we may assume that F~(x 1) = 
{xs, x 6 . . . .  , x12} and F2(x 1) = {x13 , x14,. . .  , x20} each as the union of two 
components. Then p131 = 3 again implies {Xl, x2, x3, x 4} _c F2(xs). Since 
x 6, x 7, x 8 are in F3(xs) , four more vertices from {xs, x9 , . . .  , x20} must 
belong to Fz(xs), and they must come from the same component. How- 
ever, Pll  =P~I  = 2 and p l  2 = 6 implies LF~(x 1) (~ Fl(Xs)l = IFI(X1) C/ 
F2(xs)[ = IF2(x 1) A F2(xs)[ = 2 and [Fe(x 1) c~ Fl(xs)l = 6, which is im- 
possible. Hence there is no scheme which admits /3  as its character table. 
In general, we can prove that (n, n - 4, n - 8, n - 4) yields a realizable 
fission table 16~ only if n - 12 (mod 16), and the smallest such SRG has 
parameters (28, 24, 20, 24). 
(6.5) In what follows, in order to describe the schemes in a uniform 
way the following notation will be used. 
I n := the n × n identity matrix. 
Jn := the n × n all -1  matrix. 
kJn := n × n matrix all of whose entries are k. 
A ® B = (aijB): the Kronecker product of two matrices. 
EXAMeLE 1 (F  = SRG(6, 3, 0, 3)). ~'~(F) has a feasible table of type ~- 
1 with "r = 5( -1  + ~- -3  ), and the table is realized as the character table 
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in Example 2 and 
-0 
0 
0 
0 
0 
0 E= 
0 
0 
0 
0 
0 
0 
1 1 1 1 1 1 1 1 1 1 1 
0 1 1 1 1 1 0 0 0 0 0 
0 0 1 1 0 0 0 0 1 1 1 
0 0 0 1 1 0 1 1 1 0 0 
0 0 0 0 1 1 0 1 0 1 1 
0 1 0 0 0 1 1 0 1 1 0 
0 1 1 0 0 0 1 1 0 0 1 
1 1 0 1 0 0 0 1 0 1 0 
1 1 0 0 1 0 0 0 1 0 1 
1 0 0 1 0 1 1 0 0 0 1 
1 0 1 0 0 1 0 1 1 0 1 
1 0 1 0 1 0 1 0 0 0 0 
(6.6) Remarks. (1) Examples 1 and 2 are realized by S-rings over the 
cyclic group of order 6 and the quaternion groups, respectively. (Cf. [12], 
[13], and references therein.) 
(2) Many submatrices appearing in the above constructions are iso- 
morphic to the relation tables of cyclotomic association schemes which 
may be defined as follows (cf. [5]): Let a be a primitive root in GF(q), and 
let d be a divisor of q -  1. Let H c_ GF(q)*  be the multiplicative 
subgroup of the dth powers. Then the cyclotomic scheme 2,(d,  GF(q)) = 
(X,{Ri}o<_i<_ d) of class d on X = GF(q) is defined by R i = {(x, Y)IY - 
x ~ aiH}. For instance, W and F in Examples 3 and 4, respectively, are 
isomorphic to the relation table of the cyclotomic scheme 2,(2, GF(7)), 
and S and C in Examples 7 and 8 are isomorphic to that of 2,(2, GF(l l ) ) .  
(3) Examples 1, 3, 4, 7, and 8, as well as those fission schemes 
obtained in (5.6) and (5.7), arise from the wreath product (cf. [15, p. 45] for 
the definition) of smaller association schemes. For example, the class 3 
fission scheme of SRG(14, 7, 0, 7) in Example 3 is the wreath product of 
two copies of the cyclotomic scheme 2"(2, GF(7)) with the group scheme 
2,(Z2), while the fission scheme of SRG(14, 12, 10, 12) in Example 4 is the 
wreath product of seven copies of 2,(7/2) with the cyclotomic scheme 2,(2, 
GF(7)). 
(4) We have constructed the relation tables of the fission schemes 
from the feasible parameter sets, mostly by the brute force method. There 
does not appear to be a nice general construction method. It is part of an 
ongoing project of the author to study this problem together with the 
characterization f various other new examples. 
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7. FURTHER REMARKS 
(7.1) (Conference graphs) The SRGs with parameters (n, ~(n - 1), 
¼(n - 1 ) -  1, ¼(n - 1)) are called conference graphs. A necessary con- 
dition for their existence is that n be the sum Of the squares of two 
integers (cf. [9]). The conference graphs are the only SRGs that do not 
have integer eigenvalues. The eigenvalues and the multiplicities of the 
adjacency matrix for F = SRG(n, ½(n - 1), ¼(n - 1) - 1, ¼(n - 1)) are 
given as r=p, (1 )= ½( -1  + ~-) ,  s=p l (2 )= ½( -1 -  ~- ) ,  and m 1 = 
rn 2 = ½(n - 1). None of the putative fission tables /6 0 of 2 , (F )  is feasible, 
since for each 0 ~ {p, o-, r} the set of intersection umbers calculated 
__  1 __  1 from /3 o contains either ~6-(~/n - 1) 2 y or ~(~n- + 1) 2 y, neither of 
which is an integer. That is, conference graphs do not have symmetrizable 
commutative fission schemes of class 3. 
It is interesting to note that the Paley graph QR(q) = 2,(2, GF(q)) with 
q -= 5 (mod 8) admits a symmetrizable fission scheme 2,(4, GF(q)) of class 
4, although it does not admit class 3 fission. (For the definition of QR(q), 
see [5, p. 10].) 
(7.2) So far, we have only discussed symmetrizable fission schemes of 
class 3 for given strongly regular graphs. The symmetrizable commutative 
fission schemes with four classes will be discussed in a subsequent paper. 
In general, it is an interesting problem to determine all the symmetrizable 
fission schemes of class d for a given symmetric association scheme of 
class e for all possible d and arbitrary e. 
(7.3) Let 2" = (X,{Ri}o~i< d) be a commutative association scheme. 
We can attach a poset structure to the set of all fusion schemes and fission 
schemes of 2 ,  with natural ordering by fusion and fission viewed as 
partitions of X × X. For example, in the case when (q - 1 ) /4  is an odd 
q-i q-I 
I I 
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prime, the poser of fusion schemes of the cyclotomic scheme of class q - 1 
may be depicted as on the left, while on the right is the case when 
(q - 1 ) /4  is the square of an odd prime number. 
The numbers of the nodes indicate the class numbers d of the cyclo- 
tomic fusion schemes of the cyclotomic scheme of class q - 1. The double 
links in the figures indicate the symmetrization relations. Further exam- 
ples and discussions on this subject, including the fusion schemes and 
fission schemes of pseudocyclic association schemes and the symmetriza- 
tion of commutative schemes with higher class numbers, will be treated in 
a separate paper. 
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